We theoretically investigate the effects of sample dispersion on the focusing of ultrashort laser pulses. Both the conventional point focusing and temporal focusing are studied. The influence of laser parameters, objective lenses, and sample materials is discussed in detail. The sample dispersion introduces spatial and temporal distortions to the laser focus, and reduces the focal intensity. These effects are more significant when a laser with a shorter pulse duration is focused into the sample at a larger depth. The presented results show the significance of sample dispersion effects in different scenarios, and look to inform on a proper choice of specific focusing method in practical cases.
INTRODUCTION
Ultrafast lasers have found a wide range of applications in various research areas. Over the last few decades, numerous methods have been developed to obtain ultrashort pulses with durations down to several femtoseconds [1] [2] [3] and even attoseconds [4, 5] . Most applications involve focusing the laser light in some way into a tight spot with a lens or mirror system. The focusing of the laser pulses provides high local intensities for spot sizes of micrometer dimensions, which opens a door to new physics and novel applications. Two particular areas of practical interest are three-dimensional laser material processing [6, 7] and laser microscope imaging [8] . These systems have been improved by adopting ultrafast lasers and also share the common feature that they require focusing deep inside transparent materials.
It is well known that ultrashort laser pulses propagating through a medium, for which the refractive index varies over the bandwidth of the laser, experience group velocity dispersion (GVD), which affects the temporal profile of the pulse. This phenomenon in transparent materials of optical components, such as lenses, has already been extensively studied for decades [9] . Additionally, the group delay (GD), usually caused by the difference of the phase velocity and group velocity of the light, was comprehensively investigated [10, 11] .
In addition, the dispersion of the sample material also has effects on the focusing of ultrafast laser pulses. The effects are generated when the light propagates from the interface between the objective immersion and the specimen to the focus, and can be characterized by introducing a phase function into the pupil function of the objective lens. The impact is especially significant when laser pulses with shorter duration are focused into a highly dispersive sample at a large depth. However, there has hitherto not been a study of these sample dispersion effects. This paper describes an investigation into spatial and temporal distortions caused by the dispersion of sample materials. To begin with, conventional focusing is studied, and the dispersion effects when focusing at high and low numerical aperture (NA) are compared. Temporal focusing (TF) with both line and wide-field configurations [12] [13] [14] is then investigated. We conclude with a discussion on the influence of different laser parameters and sample materials on the dispersion effect. Describing the significance and details of the effect, these results are useful in choosing a proper combination of focusing method, laser, and lens parameters to avoid the specific drawbacks arising from sample dispersion in practical scenarios.
THEORY
Fourier optics [15] [16] [17] is adopted to calculate the focal intensity distribution when the laser light is focused by an objective lens into a dispersive medium. The field distribution of the focal plane Eλ; x; y; z can be obtained by solving a spatial Fourier transform from the field of the pupil plane of the objective lens Eλ; p x ; p y , Eλ; x; y; z 1
where λ is the wavelength of the light, f is the focal length of the objective lens, x, y, and z are focal coordinates, and p x and p y are pupil coordinates. F F represents a 2D spatial Fourier transform. The field outside of the focal plane is calculated by introducing an additional defocus phase to the field in the pupil plane Eλ; p x ; p y [17] .
The field distribution of each monochromatic wavelength element is calculated in and around the focal plane. An inverse one-dimensional Fourier transformation (F −1 ) provides the field distribution in the time domain from the spectral domain, Et; x; y; z F −1 Eλ; x; y; z:
When the laser light is focused into a sample, light refraction at the interface of the objective lens immersion medium (refractive index n 1 ) and the specimen (refractive index n) is represented by a phase function, defined as [18, 19] 
where d is the nominal focusing depth, that is, the focal depth ignoring the effect of refraction at the specimen interface, NA is the numerical aperture of the objective lens, and ρ is the normalized radius in the pupil of the objective lens. The phase in Eq. (3) contains a spherical componentφ, which causes distortion of the focus, and a defocus component D, which causes focal position shift: ϕλ; n φλ; n Dλ; n:
The definitions for these two phase components are [18, 20] Dλ; n 2π
The process to obtain defocus-free phaseφλ; n can be expressed aŝ ϕλ; n ϕλ; n − hϕ 0 λ; n; D 0 λ; ni hD 0 λ; n; D 0 λ; ni Dλ; n:
ϕ 0 λ; n and D 0 λ; n represent spherical aberration and defocus with subtracted mean values,
where N is the total number of the calculation pixels. The calculation h.;.i defines an inner product over the pupil,
The phase function ϕλ; n is referred to as the refractive index mismatch (RIM) phase, and it can lead to significant distortion of the focus and reduction in focal intensity [20, 21] . The RIM aberration is much more significant than the sample dispersion effect. For the simulations presented in this paper, we assume that an adaptive optics element (AOE) such as a deformable mirror (DM) has been used to compensate the RIM aberration [22, 23] . However, an AOE can provide ideal correction across all spectral components of the laser pulse only if the refractive index of the sample is a constant. If dispersion is present, then partial correction is possible, for example, by implementing perfect correction at the center wavelength; the other wavelengths in the laser spectrum are then only partially compensated. By subtracting the influence of the RIM aberration of the center wavelength, we are able to study the residual sample dispersion effects. In this case, the effect of the sample dispersion could be expressed by the phase term,
where n λ and n 0 are the refractive indices of the sample at the wavelength λ and at the central wavelength λ 0 , respectively. ϕλ; n 0 represents the correction over the wavelength band implemented by a DM, assuming the refractive index of the sample is a constant (n 0 ). According to Eq. (2), Eq. (3) can be rewritten as Φ dispersion λ φλ; n λ −φλ; n 0 Dλ; n λ − Dλ; n 0 :
We define the spherical aberration differenceφ spherical λ aŝ ϕ spherical λ φλ; n λ −φλ; n 0 ;
while the focal shift difference D shift λ is expressed as
In Eq. (4), the effect of sample dispersion is contributed by both the spherical aberration differenceφ spherical λ, which represents a small amount of focal distortion, and the focal shift difference D shift λ, which represents the axial shift of the peak intensity for a given wavelength component away from the nominal focal point.
As this paper concentrates on the dispersion effects of the sample, any dispersion that might be introduced by the optical lenses or other optical elements is not included for the purposes of this analysis. The field function at the pupil of the objective lens including the wavelength-dependent aberration due to sample dispersion could be expressed as E 0 λ; p x ; p y Eλ; p x ; p y e −jΦ dispersion λ :
To illustrate the sample dispersion effect, an example of the spectral phase map at the pupil [15] is plotted in Fig. 1 . The phase map is spatially symmetric about the center of the pupil, while varying with the wavelength of the light. The greater phase variation at shorter wavelengths is a consequence of higher sample dispersion in this wavelength region.
Several commonly used optical materials with different levels of dispersion are studied: lithium niobate (LiNbO 3 ) [24] [25] [26] , which is an important material for optical waveguides, Research Article sensors, and modulators; SF11 glass [27] , which is popular in various optical components (such as lenses and prisms); water (H 2 O) [28, 29] , which forms the basis for many biological specimens studied in nonlinear optical microscopy; fused silica (SiO 2 ) [30] , which is well known for its applications in semiconductors and optical devices; and diamond [31, 32] , which is attractive for photonic and quantum technologies. The refractive indices of these materials are characterized by Sellmeier equations, which can be found in Refs. [24, [27] [28] [29] [30] [31] . Lithium niobate (LiNbO 3 ) is used as an example for the illustrations of Sections 3 and 4, while all the materials are compared later in Section 5.
We note that lithium niobate displays uniaxial birefringence, and thus has a different refractive index for the ordinary wave and the extraordinary wave [24] . In general, focusing into such a medium introduces focal splitting as different polarization components undergo different refraction [33] . However, the lithium niobate crystal can be oriented so that the principal axis is perpendicular to the optical axis, and linearly polarized illumination could be aligned to the predominantly linear ordinary polarization eigenmode [26, 33] . In this way, extraordinary wave aberration could be avoided, and the modeling could be performed using only the ordinary refractive index.
Most optical materials have dramatic dispersion in the ultraviolet spectral region and relatively smaller dispersion in the near-infrared region. In Sections 3 and 4, we initially consider laser light with a central wavelength of 520 nm to illustrate the distortion patterns. The corresponding femtosecond lasers around this wavelength region with short pulse durations can be frequency-doubled passively mode-locked solid-state bulk lasers (such as diode-pumped lasers and titanium-sapphire lasers) [34, 35] . The observed phenomena are similar for lasers within other wavelength regions. The influence of the laser's central wavelength with different magnitudes of sample dispersion is discussed later in Section 5.
CONVENTIONAL POINT FOCUSING
In this section, we study the effect of dispersion on conventional point focusing. The electric field in the pupil can be expressed in the spectral domain as
where E 0 is a constant and there is a uniform spatial intensity distribution across the pupil of radius R. The incident pulses are assumed to have a Gaussian temporal profile, and τ is the time at which the light field amplitude drops to 1∕e of the peak. A diffraction-limited focal spot is obtained at the focus if there is no dispersion effect. The sample dispersion introduces both spatial and temporal distortions. In the discussion below, the laser pulse duration (FWHM of the temporal pulse) is chosen to be 25 fs when investigating the temporal pulse broadening and overall intensity reduction effects, whereas 10 fs pulse duration is used to illustrate the spatial focal distortion effects. Spatial distortion is usually less obvious; thus the shorter pulse duration is adopted to reveal the details of the effect. The influence of different laser pulse durations is discussed later in Section 5. The effects when focusing with low (0.5) and high (1.35) NA lenses are presented in this section. We note that the immersion medium (such as water or oil) of a high-NA lens and any other intervening materials (such as a cover glass) may contribute additional dispersion effects, although these are not included in the analysis of this paper.
A. Spatial Focal Distortion Figure 2 shows the effect of sample dispersion on the axial spatial profiles. The intensity distribution is calculated as the time average of the squared intensity, which is expressed as
where T is the repeat period of the laser pulse train. This corresponds to the excitation probability for a second-order process, such as two-photon absorption. The left profiles in Figs. 2(a) and 2(b) show the laser focused into the sample when there is no dispersion. As the index mismatch aberration is corrected by the AOE, the spatial profile does not change with focal depth. With sample dispersion, the focus is elongated along the axial direction. Equation (4) suggests that dispersion contributes different amounts of spherical aberration and focal shift for each spectral component. As illustrated in the sketch of Fig. 2(c) , the focal shift, which is the major reason for axial elongation, can be explained by the fact that light of different wavelengths propagates into the sample with different refraction angles. When the laser is focused with a depth of 200 μm, there is no obvious spatial distortion for the 0.5 NA lens, while there is a significant spatial elongation for the 1.35 NA lens. This suggests the spatial distortion is more severe when focusing with a high-NA lens, which should be expected, when one considers the effects of dispersion on the refraction angle of different spectral components [ Fig. 2(c) ]. The normalized peak hI 2 i along the axial z direction (defined as I p z Max x hI 2 ix; z) is plotted in the right figures of Figs. 2(a) and 2(b). The drop in intensity due to the sample dispersion is clearly seen.
B. Temporal Pulse Broadening
Another effect of the sample dispersion is the broadening of the temporal pulse duration at the focus. Shown in Fig. 3(a) , the pulse temporal profile is elongated along the time axis, and the temporal duration at the focus is significantly broadened (from 25 to 320 fs) by the sample dispersion. The peak hI 2 i along the time axis, showing the associated reduction in intensity, is plotted in Fig. 3(b) . The pulse durations are calculated for different focusing depths in Fig. 3(c) , and a continuous pulse broadening is clearly seen. The focusing with a high-NA lens has similar trends and slightly more distorted temporal profiles. The temporal pulse broadening effect is caused by the spatial and temporal chirp of the laser pulse. Phase differences arising from the different optical paths for each wavelength component also affect the temporal profile.
C. Intensity Reduction
In Fig. 4 , the peak hI 2 i of the focus versus the focusing depth for both high-and low-NA lenses is presented. It is clear that hI 2 i P decreases more rapidly with depth when focusing with a 1.35 NA lens, showing the effect of sample dispersion to be more dramatic for a higher-NA lens. Considering the sample dispersion effect with respect to intensity reduction, focusing the laser with a 1.35 NA lens into 200 μm is nearly equivalent to focusing at a depth of 400 μm with a 0.5 NA lens.
TEMPORAL FOCUSING
Temporal focusing (TF) [12] [13] [14] can provide advantages to both microscopy [36] [37] [38] [39] and laser fabrication [40] [41] [42] . It is realized by initially increasing the duration of an ultrashort pulse through spatially separating the different spectral components of the laser beam across the illuminated pupil of the objective lens. The spectral components only recombine together again into an ultrashort pulse at the focus with an associated peak of intensity. There have been investigations into the control of spectral phase and GVD by either a spatial light modulator (SLM) [43] or a prism pair [44] to shape the focus in TF. The effects of phase aberrations through either RIM or Zernike modes have also been discussed in detail [20, 45] . However, there is currently no study on the undesired effects originating from the focusing of ultrafast lasers into dispersive samples in TF.
We consider here two modes of TF: line-focused TF and wide-field TF. Line TF generates a linear focus across the focal plane, with an axial resolution similar to the conventional focusing. At the pupil of the objective lens, each spectral component is located at a different position along the p x direction 
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and fills the entire pupil along the p y direction [ Fig. 5(a) ]. Such pupil illumination can be represented by [20] Eλ; p x ; p y E 0 exp
where s BFP represents the physical dimension of each monochromatic component (the distance for the amplitude to drop to 1∕e of the peak value), and is set to be 0.06 times the pupil radius in the calculation. up x ; p y is as defined in Eq. (15), and p x0 , which is a function of λ (proportional to (1∕λ − 1∕λ 0 )), represents the central position of each monochromatic component. Wide-field TF generates an extended intensity distribution across the lateral focal plane, coupled with moderate axial resolution. At the pupil of the objective lens, the pulse is spectrally spread along the p x direction, while being spatially confined in the p y direction [ Fig. 6(a) ], which can be represented by
In wide-field TF, p x0 affects the axial and lateral size of the focus. In the calculation below for both wide-field and line TF, p x0 is adjusted such that the light at the edge of the pupil has a field amplitude of 10% compared to that of the central frequency component at the center of the pupil. Positioning more light out of the pupil enhances the axial resolution, but reduces the lateral focal size in wide-field TF. The calculations in the rest of the paper consider the 1.35 NA objective lens.
A. Spatial Focal Distortion of Line TF
The effect of sample dispersion on the spatial profile of line TF is shown in Fig. 5 . The pupil illumination of line TF in Fig. 5(a) shows how the spectral components are distributed across the pupil. Figures 5(b) and 5(c) present the hI 2 i distribution in three orthogonal planes. Without sample dispersion [ Fig. 5(b) ], the line focus has axial resolution similar to that with conventional point focusing [compare with Fig. 2(b) ]. When sample dispersion is included [ Fig. 5(c) ], the focus is distorted and elongated along the axial direction. The axial resolution is reduced by a factor of approximately three when focusing to a depth of 200 μm. This reduction in resolution is similar to that with conventional focusing, which is discussed in Section 3.A. The lateral profile does not have a noticeable change from the sample dispersion. Figure 5 (d) shows that the peak hI 2 i changes along the z direction for the axial profile. the lateral profiles. Noticeable drops in the focal intensity are clearly seen.
B. Spatial Focal Distortion of Wide-Field TF
The effect of sample dispersion on the spatial profile of widefield TF is shown in Fig. 6 . As shown in Fig. 6(a) , the illumination is spatially chirped to form a line at the pupil. A sketch of the propagation of each wavelength component inside a dispersive sample is shown in Fig. 6(b) . For the purposes of illustration, we assume that each ray represents a different wavelength and the refraction angle of each ray is adjusted due to dispersion. One property of TF is that a higher hI 2 i is achieved at the position where the different spectral components recombine with the right phase [13] . It is seen from Fig. 6(b) that the region of peak intensity for wide-field TF may be expected to shift leftward and upward from the nominal focal point. This hypothesis is confirmed by the simulation results shown in Fig. 6(d) . The focus is distorted and elongated along the axial direction, and the peak intensity point has both an axial shift and a lateral shift. The axial resolution is significantly reduced when the dispersion is considered. For the lateral profile, the sample dispersion introduces a slight broadening along the x direction (about 1.17 times). The drop in intensity due to the sample dispersion is presented in Figs. 6(e) and 6(f). As a comparison, a smaller spatial distortion of line TF from sample dispersion benefits from its full pupil illumination, which brings better focal confinement in both the lateral and axial directions.
C. Temporal Pulse Broadening
One advantage of TF is that the pulse duration varies with the light propagation after the objective lens, but the shortest pulse is only achieved at the peak intensity point where the spectral components of the laser pulse recombine with the right phase. We show that this characteristic makes the temporal property of TF much more robust against the effect of sample dispersion than conventional focusing. As discussed above, the peak intensity point shifts when sample dispersion is considered; thus we only investigate the temporal property of the peak intensity point instead of the original nominal focus. It is seen in Fig. 7(a) that there is no significant temporal broadening when the sample dispersion is considered. The comparison with conventional focusing in Fig. 7(b) shows the advantage of reduced temporal pulse broadening in TF. We note that the pulse duration is still slightly broadened for TF, because even at the peak intensity point, there are residual spreads of different wavelengths both spatially and temporally. We therefore conclude that TF is more robust against the sample dispersion than conventional focusing in the temporal domain. Previous works studying the effect of system-induced GVD on TF also led to similar conclusions [44] . 
D. Intensity Reduction
The comparison of peak hI 2 i for conventional point focusing, line TF, and wide-field TF is shown in Fig. 8 . It is seen that the TF configurations are more robust to sample dispersion in maintaining the focal intensity than conventional focusing. This should be expected, as TF maintains laser pulses at the focus with an ultrashort duration comparable to that of the original ultrafast laser. Compared to conventional point focusing and line TF, wide-field TF shows slower peak intensity attenuation, and larger axial sectioning deteriorates (Section 4.B) in the presence of sample dispersion. For this interesting phenomenon, recent reports on theoretical and experimental studies with sample scattering effects on TF have the same conclusions [36, 46] as the simulation results presented here. Because both the dispersion effect and the scattering effect introduce a slight change in the propagation angle to incident optical rays, they could bring the similar trends.
DISCUSSION
The effect of the material dispersion is strongly related to the spectral bandwidth of the laser light. A laser with shorter pulse duration has larger bandwidth, and therefore results in more severe dispersion effects. The dispersion effects for the 520 nm centered laser light with pulse duration of 80, 40, 25, and 10 fs are calculated and shown in Fig. 9(a) . It is obvious that a shorter pulse duration significantly exacerbates the dispersion effect. When focusing the laser to a nominal depth of 200 μm, hI 2 i P decreases to approximately 80%, 40%, 20%, and 2% for the lasers with 80, 40, 25, and 10 fs pulse duration, respectively.
The near infrared is a common wavelength region for ultrashort laser pulses. The dispersion effects are investigated for different pulse durations centered at the wavelength of 800 nm, as shown in Fig. 9(b) . Because most materials, including lithium niobate, are less dispersive in the near-infrared region, the intensity reduction effect appears less significant. These results suggest that the sample dispersion is not a very severe problem if an 800 nm laser light with pulse duration > ∼ 50 fs is focused into a nominal depth < ∼ 200 μm with a high-NA lens (or < ∼ 400 μm for a low-NA lens; refer to Section 3.C). However, dispersion effects are still significant if shorter pulses (e.g., <50 fs) are used or the laser is focused with a greater depth.
The sample material investigated above is lithium niobate, which has a refractive index of around 2.3 and high dispersion. Several other commonly used optical materials with different levels of sample dispersion are investigated. These materials are SF11, water, fused silica, and diamond, whose refractive indices are around 1.8, 1.33, 1.46, and 2.5. The corresponding intensity reduction effects from sample dispersion are shown in Fig. 10(a) . It is seen the peak hI 2 i drops to 60% when a 25 fs laser is focused 200 μm into fused silica or diamond. This could suggest that sample dispersion may still be problematic for a low-dispersion material if the laser has very short pulse duration or the focusing depth is large. The sample dispersion effect of water is specifically studied in Fig. 10(b) . These calculations are valuable for nonlinear optical microscopy, where specimens are often water-based. The dispersion effect is investigated for various wavelength regions from ultraviolet to infrared. It is seen that the effect is significant in the ultraviolet and visible regions, and smaller in the near-infrared region. The peak hI 2 i drops to 60% when a 25 fs laser with a central wavelength at 800 or 1060 nm is focused into water with a depth of 200 μm. This could suggest that if a very short pulsed laser is used in optical microscopy, the sample dispersion effect of water might be nonnegligible.
To show when the sample dispersion effect becomes important, we calculate the focusing depth at which the focal peak intensity hI 2 i drops to 50%, for different laser pulse durations and wavelengths. In practice, the sample dispersion effects on both temporal and spatial distortions become significant if the focusing depth is larger than these half intensity depths. Lithium niobate and water are studied as the representative samples for the applications of laser microfabrication and microscope imaging, respectively. These depths are shown in Table 1 , assuming the laser is focused with a 1.35 NA lens. For the laser focusing with a 0.5 NA lens, the depths are approximately two times higher for the data presented in Table 1 . We note that the dispersion of lithium niobate is similar to water around 800 nm, but more severe at shorter wavelengths; thus in the table, the half intensity depth values at 800 nm are closer for the two media. We also note that for the microscope imaging in water-based samples, the dispersion has similar properties in the wavelength range of 700-1100 nm; therefore, similar half intensity depths (shown as 800 nm for water in Table 1 ) are expected for the full tuning range of the titaniumsapphire lasers that are commonly employed. It is found that dispersion effects can be important when imaging at large but relevant depths inside water-based biological specimens.
We note that the investigation in this paper addresses the focusing of an ultrafast laser into a dispersive sample; this effect of material dispersion is different from the effect when a collimated laser beam propagates through a dispersive material. The latter phenomenon is solely caused by phase shifts arising from the different propagation speeds of each spectral component. For example, after transmitting through lithium niobate with optical length of 200 μm, a collimated 25 fs laser is broadened to 33 fs. As a comparison, focusing with the same depth into the sample, the laser is broadened to 70 fs (Section 3.B). The pulse broadening effect for the focusing of a laser into a dispersive sample is much more significant.
We also note that there have been well-established methods correcting the GVD effect for optical components, such as lenses. These include the precompensation by a prism pair or a grating pair [47, 48] . However, these methods are not able to cancel the dispersion effects when the ultrafast laser is focused into a dispersive sample.
CONCLUSIONS
The effect of sample dispersion in ultrafast laser focusing has been studied in detail for different focusing methods, objective lenses, materials, laser wavelengths, and laser pulse durations. The spatial distortion, temporal pulse broadening, and intensity reduction effects have been investigated.
Sample dispersion generally introduces distortions and reduces the axial spatial resolution of the focus. This effect is more significant when focusing with a high-NA lens, or in the wide-field TF. In temporal focusing, the peak intensity point may shift along the axial and lateral directions. The sample dispersion also introduces temporal pulse broadening at the focus. However, in this respect, temporal focusing is much more robust than the conventional focusing method.
Both input laser parameters and sample materials affect the magnitude of the dispersion effect. For the purposes of illustration, we have used particular combinations of lasers and materials. However, the broad trends observed in the results here will also be seen for any other practical scenarios.
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